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Deduction Problem

(Assume he wears some suit.)

1. Label Statements with letters.  Write down true statements
2. Write truth table, and DEDUCE!
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Look at the fourth (or sixth) row. In this case, (P ! R)_ (Q ! R)
is true, but (P _ Q) ! R is false. Therefore the statements are not
logically equivalent.

While we don’t have logical equivalence, it is the case that when-
ever (P _ Q) ! R is true, so is (P ! R) _ (Q ! R). This tells us that
we can deduce (P ! R) _ (Q ! R) from (P _ Q) ! R, just not the
reverse direction.
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Investigate!
Holmes owns two suits: one black and one tweed. He always wears
either a tweed suit or sandals. Whenever he wears his tweed suit
and a purple shirt, he chooses to not wear a tie. He never wears the
tweed suit unless he is also wearing either a purple shirt or sandals.
Whenever he wears sandals, he also wears a purple shirt. Yesterday,
Holmes wore a bow tie. What else did he wear?

! Attempt the above activity before proceeding !
Earlier we claimed that the following was a valid argument:

If Edith eats her vegetables, then she can have a cookie. Edith ate
her vegetables. Therefore Edith gets a cookie.

How do we know this is valid? Let’s look at the form of the statements. Let P
denote “Edith eats her vegetables” and Q denote “Edith can have a cookie.”
The logical form of the argument is then:

P ! Q
P

) Q

This is an example of a deduction rule, an argument form which is always
valid. This one is a particularly famous rule called modus ponens. Are you
convinced that it is a valid deduction rule? If not, consider the following
truth table:

P Q P ! Q
T T T
T F F
F T T
F F T



• W = Holmes wears a tweed suit
• P = Holmes wears a purple shirt
• S = Holmes wears sandals
• T = Holmes wears a tie

True statements:

W	∨ S
(W ∧ P) → ¬T
W→(P ∨ S)
S → 𝑃

W S P W	∨ S (W ∧ P) 
→ ¬T

W→(P ∨
S)

S → 𝑃

T T T T F T T

T T F T T T F

T F T T F T T

T F F T T F T

F T T T T T T

F T F T T T F

F F T F T T T

F F F F T T T

Since ¬T is false, for this 
statement to be true, we 
need W ∧ P to be false

• Then if we cross out all rows where one of the final four columns contains an F, we 
are only left with one row, the one in bold!
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5. Determine whether the following two statements are logically equivalent:
¬(P ! Q) and P ^ ¬Q. Explain how you know you are correct.

6. Are the statements P ! (Q _ R) and (P ! Q) _ (P ! R) logically
equivalent?

7. Simplify the following statements (so that negation only appears right
before variables).
(a) ¬(P ! ¬Q).
(b) (¬P _ ¬Q) ! ¬(¬Q ^ R).
(c) ¬((P ! ¬Q) _ ¬(R ^ ¬R)).
(d) It is false that if Sam is not a man then Chris is a woman, and that Chris

is not a woman.

8. Use De Morgan’s Laws, and any other logical equivalence facts you know to
simplify the following statements. Show all your steps. Your final statements
should have negations only appear directly next to the sentence variables or
predicates (P, Q, E(x), etc.), and no double negations. It would be a good
idea to use only conjunctions, disjunctions, and negations.
(a) ¬((¬P ^ Q) _ ¬(R _ ¬S)).
(b) ¬((¬P ! ¬Q) ^ (¬Q ! R)) (careful with the implications).

9. Tommy Flanagan was telling you what he ate yesterday afternoon. He tells
you, “I had either popcorn or raisins. Also, if I had cucumber sandwiches,
then I had soda. But I didn’t drink soda or tea.” Of course you know that
Tommy is the worlds worst liar, and everything he says is false. What did
Tommy eat?
Justify your answer by writing all of Tommy’s statements using sentence
variables (P,Q , R, S, T), taking their negations, and using these to deduce
what Tommy actually ate.

10. Determine if the following deduction rule is valid:

P _ Q
¬P

) Q

11. Determine if the following is a valid deduction rule:

P ! (Q _ R)
¬(P ! Q)

) R

1. Label Statements with letters.  Write down true statements
2. DEDUCE! (Without a truth table.)



• P = Tommy at popcorn
• R = Tommy ate raisins
• C = Tommy ate cucumber sandwiches
• T = Tommy drank tea
• S = Tommy drank soda

True statements:

¬(P	∨ R)
¬(C	→	S)
¬(¬(S ∨T))

The only way ¬(C	→	S) is true is if (C	→	S) is false. (C	→	S) is false if C is true and S is false. The only 
way ¬(P	∨ R) is true is if (P	∨ R) is false. (P	∨ R) is false if P is false and R is false. ¬(¬(S ∨T)) is true 
if S ∨T is true. But since S is false, we must have T is true. Therefore, Tommy ate cucumber 
sandwiches with tea.
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